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ABSTRACT

Context. The ALMA survey to Resolve exoKuiper belt Substructures (ARKS) presents detailed constraints on structure and properties of a sample
of 24 debris discs at millimetre wavelengths, including measurements of vertical thicknesses for a subsample of discs.
Aims. We estimated sizes and total masses of large bodies that feed collisional cascades producing the observed millimetre dust in 11 ARKS discs
with a well constrained vertical thickness. Separately, we estimated the sizes and total masses of large bodies that could be gravitationally stirring
these discs, assuming that such stirring is the origin of the vertical thickness.
Methods. We used a semi-analytic particle-in-a-box collisional model and a semi-analytic model of stirring through gravitational scattering. We
accounted for the dependence of collisional damping efficiency on the average collision velocity.
Results. We find that planetesimals feeding the collisional cascades are less than 20 km in size, while the total masses in the planetesimals are
lower than 200 M⊕. There is a good agreement between minimum disc masses inferred from millimetre and infrared observations. The hypothetical
stirrers are always larger in size than the planetesimals, but they do not necessarily contain most of the disc mass.
Conclusions. In agreement with previous work, the observed dust masses can be explained by steady-state collisional models with reasonable
disc masses. The measured vertical scale-heights can be explained by gravitational stirring from embedded large bodies of reasonable properties.
However, more advanced models are needed to address the observed non-Gaussian vertical profiles, along with the dependence of disc scale-height
on particle size and stellocentric distance.

Key words. minor planets, asteroids: general – circumstellar matter – planetary systems

1. Introduction

Cold dusty discs surround many main sequence stars. The dust
is believed to be continually produced in large debris collisions
that make up the bulk of the discs’ masses, but that cannot be di-
rectly detected (Wyatt 2008; Krivov 2010; Matthews et al. 2014;
Hughes et al. 2018; Wyatt 2020; Marino 2023; Pearce 2026).
These large bodies are analogous to asteroids, Kuiper belt ob-
jects, and comets in the Solar System, and the small dust is key
to our understanding of these bodies around other stars.

Using models of collisional cascades and measurements of
dusty disc properties, it is possible to estimate the sizes and the
total masses of the large bodies whose collisions produce the
dust. We refer to these bodies as planetesimals. Current models
predict that the size distribution of particles in a debris collisional
cascade approximately follows a broken power law (e.g. O’Brien
& Greenberg 2003; Pan & Sari 2005; Pan & Schlichting 2012;
Thébault et al. 2003; Krivov et al. 2006). The observed dust mass
can be extrapolated using the power-law size distribution to find
the mass contained in the cascade as a function of the size of the
largest bodies in the cascade. The size of the largest bodies in
the cascade can be estimated as the size at which the collisional
fragmentation timescale equals the system age. This timescale
can be estimated through a simple particle-in-a-box model (Wy-
att & Dent 2002). There might be bodies in the disc that are
larger than those in the cascade, but they have longer fragmenta-
tion timescales and typically they have not yet collided. Smaller
⋆ E-mail: marija.jankovic@ipb.ac.rs

bodies, on the other hand, fragment and get removed from the
system by radiation forces and/or a stellar wind on timescales
shorter than the system age. In turn, they need to be replenished
by larger bodies for the cascade to remain observable. With this
approach, the so-called collisional mass of a debris disc can be
estimated (e.g. Quillen et al. 2007; Krivov & Wyatt 2021; Pearce
et al. 2025).

Furthermore, dusty discs may also contain (dwarf) planets
that gravitationally stir and/or shape the discs. From resolved
debris disc structures, dynamical constraints can be placed on
the size and the number of these large bodies. Broadly speak-
ing, there are two main system architectures that are typically
explored. It can be assumed that large bodies within the disc
viscously stir planetesimals and the dust (Ida & Makino 1993).
Such bodies could either have formed in the protoplanetary disc
phase (Krivov & Booth 2018), or their accretion may be on-
going throughout the debris disc evolution (Kenyon & Brom-
ley 2002, 2004, 2008, 2010). In the former case, simple semi-
analytic models can be used to relate disc observables to the
sizes and the total mass of the stirrers (e.g. Quillen et al. 2007;
Daley et al. 2019; Matrà et al. 2019; Terrill et al. 2023). On the
other hand, the bodies stirring and shaping debris discs could be
outside the discs, affecting discs via scattering as well as secu-
lar and resonant interactions. Such external perturbers could be
closer to the star than the disc (e.g. Costa et al. 2024; Pearce et al.
2024; Sefilian 2024), farther away (e.g. Nesvold et al. 2017; Stu-
ber et al. 2023), or both (Boley et al. 2012; Farhat et al. 2023).
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In this work, we focus on the former set-up, with hypothetical
stirrers embedded in discs.

Recently, the Atacama Large Millimeter/submillimeter Ar-
ray (ALMA) survey to Resolve exoKuiper belt Substructures
(ARKS; Marino et al. 2026a) measured the structure of 24 de-
bris discs in unprecedented detail at millimetre wavelengths. In
the paper dedicated to the characterisation of the disc’s vertical
structures, Zawadzki et al. (2026) presented an analysis of a sub-
sample of particularly well-resolved ARKS discs, inferring the
sizes of bodies and disc masses required to stir the ARKS discs
to their present-day vertical thicknesses. Based on assumptions
of a balance between stirring and efficient collisional damping,
they found the total mass of stirrers to range between 0.83 and
114 M⊕. However, for some of the discs, the corresponding stir-
ring timescale was found a posteriori to be longer than the es-
timated system age. Additionally, for some of the discs, these
dynamical masses are smaller than the minimum masses previ-
ously derived (albeit the latter have been estimated using differ-
ent observational data, and also not for all of the ARKS discs;
Krivov & Wyatt 2021).

In this paper, we expand upon both the collisional and the
dynamical constraints on large bodies hiding in ARKS discs. We
consider these constraints independently, assuming that the plan-
etesimals feeding the collisional cascades and the stirrers may be
two distinct populations of large bodies. In Sect. 2, we describe
the dataset characterising our chosen sample of discs. In Sect. 3,
we present the constraints placed on bodies in the collisional cas-
cades. In Sect. 4, we revisit the constraints placed on the large
bodies stirring the discs. In Sect. 5, we bring together the two
sets of constraints and discuss our results. In Sect. 6, we present
our conclusions.

2. Data

We considered a sample of 11 discs with well-constrained ver-
tical structure, originally presented in Zawadzki et al. (2026).
The data we used, which are summarised in Table A.1, com-
prise a subsample of 24 discs analysed in the (sub)millimetre in
the ARKS programme (Marino et al. 2026a). We adopted stel-
lar masses (M∗), stellar luminosities (L∗), stellar ages (tage), and
fractional luminosities ( f ) from Table 1 of Marino et al. (2026a).
In their work, Marino et al. (2026a) fit the discs’ observations
with a simple parametric Gaussian model of dust surface density
and constant opacity. From Table B.1 in their work, we adopted
the stellocentric radii of peak density (r, centre of the fitted Gaus-
sian) and disc widths (∆r, FWHM of the fitted Gaussian), and the
dust masses (Mdust). The dust masses are derived by Marino et al.
(2026a) assuming a power-law size distribution with a slope of
q = 3.5, with grains from 1 µm up to 1 cm contributing to the
observed flux. In this work, we assumed a slightly steeper size
distribution at these dust sizes (see Sect. 3.3). We checked that
changing the slope in the derivation of the dust mass to our the-
oretical one would only change the dust mass by 10-15 %; thus,
we opted to neglect this small discrepancy.

For the disc aspect ratios (h), we adopted values from Table
3 of Zawadzki et al. (2026). We only considered the 11 discs
whose aspect ratios had been well constrained with parametric
modelling to keep our analysis uniform. The modelling defines
the disc scale-height as the half width at half maximum of the
vertical density profile, and this scale-height is assumed to be di-
rectly proportional to stellocentric distance within each disc (see
Eq. 1 in Zawadzki et al. 2026). The aspect ratio, defined as the
ratio of the scale-height and stellocentric distance, is therefore

assumed to be constant and does not depend on the radius within
the disc.

3. Constraints on planetesimals

In this section, we interpret the discs in our sample as steady-
state collisional cascades. We assume that the observed disc as-
pect ratios determine collision velocities and that the velocities
have been constant throughout the system lifetimes. Accounting
for velocity evolution due to stirring by embedded large bodies
would not significantly change our results (see Sect. 5.2.4). We
calculated the collision velocities and the sizes of the projectiles
that destroy targets of different sizes, and, ultimately, the colli-
sional lifetimes of particles in the disc. By comparing the colli-
sional lifetimes with system ages for each disc, we were able to
place constraints on the sizes of the bodies feeding the cascades.

3.1. Collision velocity

Debris discs are made up of large numbers of bodies on ran-
domised orbits. We assumed all the discs in our sample to be
axisymmetric, such that the orbital angles are uniformly dis-
tributed (but see Lovell et al. 2026). Based on simulations of
gravitational interactions among planetesimals and based on ob-
servations of the Kuiper belt (Ida & Makino 1992; Lissauer &
Stewart 1993; Brown 2001), it is reasonable to expect that the
distributions of the orbital eccentricity and inclination in the ob-
served debris discs might be close to the Rayleigh distribution
(see, however, Zawadzki et al. 2026; Chiang et al. 2026). If that
is the case, in a disc with an average particle orbital eccentric-
ity, e, and inclination, i, the average relative velocity with which
particles with similar semi-major axes approach each other (Lis-
sauer & Stewart 1993) is given by

vrel =

√
5
4
⟨e2⟩ + ⟨i2⟩vK, (1)

where vK is the local Keplerian velocity. We further assumed that√
⟨e2⟩ ≈ 2

√
⟨i2⟩. This is expected if the origin of the inclination

dispersion is gravitational stirring by large bodies present in the
disc (in the dispersion-dominated regime, Ida & Makino 1992).
Then, vrel is determined only by the average inclination.

For a Rayleigh distribution of inclinations, the vertical spa-
tial distribution of particles is Gaussian, and the average incli-
nation is related to the disc aspect ratio as

√
⟨i2⟩ =

√
2h (Matrà

et al. 2019). Combining all of these equations, we can obtain a
simple relationship between h and vrel,

vrel = 2
√

3hvK. (2)

Zawadzki et al. (2026) found that for many of the ARKS
discs the vertical structure at mm wavelengths is not, in fact,
Gaussian. They reported the aspect ratio corresponding to half-
width half-maximum of the vertical structure. We assumed that
accounting for a different vertical distribution or the slightly dif-
ferent aspect ratio definition would only change vrel by a factor of
an order of unity and, thus, we neglected this factor in favour of
Eq. (2), which is widely adopted (e.g. by Zawadzki et al. 2026).

With the aspect ratios, stellar masses, and the central disc
radii obtained as described in Sect. 2, vrel ranges between
40 m s−1 and 2600 m s−1 for the discs in our sample (see Table
A.1). These collision velocities are higher than the escape veloc-
ities from the planetesimals feeding the cascades, whose sizes
we present further below (the escape velocity is ∼ 10 m s−1 for
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rocky 10 km-sized planetesimals). This means that the gravity
of the planetesimals does not significantly influence the colli-
sion rates and the role of gravitational focusing can be neglected
within the collisional cascade.

3.2. Projectile-to-target mass ratio

Collisional fragmentation occurs if the impact energy is higher
than the critical energy to disrupt the target. Disruptive or catas-
trophic collisions are those where the largest surviving body af-
ter the collision has less than half of the mass of the target. At a
fixed collision velocity, vrel, there is a minimum mass of a pro-
jectile, mc, that can collisionally disrupt the target of mass mt,
and if mc ≪ mt (e.g. Krivov et al. 2006), we have

mc

mt
=

2Q∗D
v2

rel

, (3)

where Q∗D is the specific critical disruption energy that depends
on the target size, composition, and the collision velocity (e.g.
Benz & Asphaug 1999). The critical projectile size (radius) is
given by sc = st(2Q∗D/v

2
rel)

1/3, for the target size, st.
For the specific critical disruption energy, we adopted

Q∗D(s, vrel) =

Qs

(
s
ss

)bs

+ Qg

(
s
sg

)bg
 (vrel

v0

)bv

, (4)

where s is the particle size (radius), Qs = Qg = 5 × 106 erg g−1

are the reference values in the strength and the gravity regime,
respectively, at the reference sizes, ss = 1 m and sg = 1 km,
bs = −0.37 and bg = 1.38 are the slopes of the size-dependence
in the strength and the gravity regime, v0 = 3 km s−1 is the
reference velocity, and bv = 0.5 is the slope of the velocity-
dependence (all values for basalt; Benz & Asphaug 1999; Stew-
art & Leinhardt 2009). For very large bodies (≳ 100 km) the spe-
cific energy required to overcome self-gravity exceeds the above
Q∗D. An additional term can be included to account for this (Lein-
hardt & Stewart 2009; Löhne et al. 2017). In this work we find
planetesimals are small enough to neglect this term.

Figure 1 shows the resulting critical projectile-to-target mass
ratio as a function of target size for our sample of debris discs.
We find that that the critical mass ratios for mm-sized grains are
in the range of 10−3 − 1, meaning they indeed fragment in colli-
sions with smaller or at least with similar-size particles. In some
discs, for smallest and largest sizes the ratio 2Q∗D/v

2
rel is larger

than unity. We cut off the curves in Fig. 1 for such parameters
because Eq. (3) is no longer valid and the ratio no longer repre-
sents the projectile-target mass ratio.

Finally, note that these results depend on the assumed mate-
rial composition and porosity. For example, if the dust and the
planetesimals are icy, they are disrupted more easily (Benz &
Asphaug 1999) and their critical projectile sizes would be even
smaller.

3.3. Size distribution in steady-state

To model the size distribution in a collisional cascade at the
steady-state, we followed the model of Wyatt et al. (2011), which
is similar to the model from Löhne et al. (2008). The model pre-
dicts a size distribution that is a broken power law. A collisional
cascade that is at steady-state and in which particle strength de-
pends on particle size as a power law (Q∗D ∝ sb) has a size
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Fig. 1. Critical projectile-to-target mass ratio as function of target size
for the discs in our sample, obtained using Eqs. (2), (3), and (4), and
using data provided in Table A.1. The horizontal gray line indicates
where 2Q∗D/v

2
rel = 1.

distribution that is also a power law (n(s) ∝ s−q), with a slope
(O’Brien & Greenberg 2003) of

q =
7 + b/3
2 + b/3

. (5)

In debris discs, Q∗D scales differently with size for small bodies in
the strength regime and for large bodies in the gravity regime (as
in Eq. (4), Benz & Asphaug 1999; Stewart & Leinhardt 2009).
Hence, we expect bodies in debris disc cascades to have a bro-
ken power-law size distribution, with the break at the transition
between the strength and the gravity regime. The transition is at
the size of the weakest bodies (sw), that is, the size where Q∗D is
minimised. For a Q∗D law of the form from Eq. (4) the size of the
weakest bodies (Wyatt et al. 2011) is given by

sw =

−Qgbgs−bg
g

Qsbss−bs
s


1/(bs−bg)

, (6)

where bs < 0, making the expression in the parentheses positive.
For the dispersal law assumed here, sw ≈ 110 m. The differential
size distribution is given by

n(s) =
{

Kss−qs , s < sw,

Kgs−qg , s > sw,
(7)

where qs = 3.66 and qg = 3.03 are the slopes in the strength
and the gravity regime, calculated using Eq. (5) and the adopted
values for bs and bg from Eq. (4), respectively. The normalisation
constant Ks for the small bodies is calculated by assuming the
observed dust mass (Mdust) is the mass of particles up to scm =
1 cm,

Ks =
3(4 − qs)

4πρs
sqs−4

cm Mdust. (8)

We assume the bulk density of particles is ρs = 2.6 g cm−3. These
assumptions are consistent with how our dust masses are ob-
tained from continuum fluxes (Marino et al. 2026a, and see also
Sect. 2).

For large bodies, the normalisation constant Kg is calculated
from a requirement that at steady-state the mass flux through
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the cascade is independent of size, and therefore equal in the
strength regime and in the gravity regime. Following Wyatt et al.
(2011), but accounting for the velocity dependence of Q∗D, we
find

Kg = Ks

√
1 − qg

1 − qs

 2
v2

rel

(
vrel

v0

)bv
(qg−qs)/6

(
Qss−bs

s

)(1−qs)/6(
Qgs−bg

g

)(1−qg)/6 . (9)

The size distribution modelled in this way contains a small
discontinuity between the two regimes, whose root cause is the
fact that targets just above the transition (sizes just above sw)
are destroyed by projectiles whose size distribution is that of the
small bodies in the strength regime (O’Brien & Greenberg 2003;
Wyatt et al. 2011). Nevertheless, similar analytic broken power-
law distributions have been shown to agree well with numerical
simulations (O’Brien & Greenberg 2003; Löhne et al. 2008; Wy-
att et al. 2011). In simulations, and we expect in reality, there is
no discontinuity at the transition. Instead, the transition between
the strength and the gravity regime causes ‘ripples’ or ‘waves’
in the distribution of the large bodies. The amplitude of these
waves is similar to the magnitude of the discontinuity in the an-
alytic model. We neglect these waves in this work.

3.4. Fragmentation timescale

The critical projectile-to-target mass ratios calculated above in-
dicate that the estimated collision velocities are sufficiently high
for particles to be fragmented. We calculated the timescale on
which bodies of different sizes fragment. For this purpose, we
used a simple particle-in-a-box collisional model similar to Wy-
att et al. (2007) and Wyatt et al. (2011). We assumed all particles
are well mixed within the volume of the disc given by

V = 4πr2∆rh, (10)

where r, ∆r and h are the radius of the belt centre, its full width
and its aspect ratio, respectively, estimated from observations as
described in Sect. 2. Likewise, we assume all particles collide,
on average, with the same relative velocity (vrel, estimated as
described above).

Targets can be destroyed by all projectiles larger than the
critical projectile size. The fragmentation rate of a target of size
st is given by

Rfrag =
πvrel

V

∫ smax

sc

n(sp)(st + sp)2dsp, (11)

where smax is the radius of the biggest body in the disc. We fur-
ther assume that q > 3 so that small sizes dominate the col-
lisional cross-section (this is true for our steady-state distribu-
tion). We also use the fact that the critical projectile sizes we
found tend to be much smaller than the target sizes (sc ≪ st).
Under these assumptions, we have

Rfrag ≈
πvrel

V
Kcs1−qc

c s2
t

(qc − 1)
, (12)

where the size distribution constant, Kc, and slope, qc, depend
on the size distribution around sc.1 The fragmentation timescale
is simply the inverse of the rate,

tfrag =
(qc − 1)V
πKcvrel

sqc−1
c s−2

t . (13)

1 For a complete solution to the integral without the above assump-
tions, we refer the reader to Löhne et al. (2008).

We note that in this simple model, the dependence of the frag-
mentation timescale on the disc scale-height is purely through
the critical projectile size, since other occurrences of h get can-
celled out.

The results are shown in Fig. 2. We find that the collisional
lifetimes of the observed mm-sized grains are several orders of
magnitude shorter than the system ages, as expected (since the
lines are below unity at mm sizes in the right-hand-side panel).
The dust cannot be primordial (i.e. a remnant from the protoplan-
etary disc phase) and, instead, it has to have been produced more
recently (Backman & Paresce 1993). The collisional lifetimes
are also at least ∼ 100 times longer than the orbital timescale
(see Fig. B.1).

We also do not show the lifetime (i.e. we cut off the plot-
ted lines) for large particles for which Eq. (3) evaluates to above
unity, as such particles cannot, in fact, be catastrophically dis-
rupted by bodies smaller than themselves. All lines on the right
in the right-hand-side panel cross above tfrag/tage = 1, showing
that the limiting factor to particles participating in the cascade is
indeed their collisional timescale as opposed to them being too
strong to be disrupted.

3.5. Minimum initial disc mass

A disc in a steady-state collisional cascade loses mass over time.
Assuming that mass is the only disc property that changes (e.g.
the size distribution slope is fixed), disc mass decreases as (Wyatt
et al. 2007)

Mdisc = M0/(1 + t/t0), (14)

where M0 is the initial disc mass and t0 is the initial fragmen-
tation timescale of the largest bodies. The initial disc mass is
unknown, but its minimum value can be constrained (Krivov &
Wyatt 2021; Pearce et al. 2025) via

M0 ≥ 4|Ṁ|tage, (15)

where Ṁ is the current mass loss rate through the cascade,

Ṁ = −
M(sdust)

tfrag(sdust)
, (16)

where M(sdust) is the mass in particles of size around sdust. Here
and throughout this work, we estimate the mass in particles of
size around some size s as the mass in the unit log-bin of size
around s,

M(s) =
4πρs

3
Ks4−q, (17)

where K and q are the normalisation and the slope of the size
distribution around s. Using the ARKS dataset, the steady-state
size distributions and the fragmentation timescales calculated as
outlined in previous sections, adopting sdust = 1 mm, we find
minimum initial disc masses in the range of 0.1 – 200 M⊕. This is
only a rough, order-of-magnitude estimate, as the chosen width
of the size bin in M(s) is arbitrary. Had we chosen to define
M(s) as the mass from µm-sized to mm-sized grains, the inferred
masses would be larger by a factor of ∼ 7. The choice of sdust is
also arbitrary, but it is irrelevant – by definition our steady-state
collisional cascade model has a mass flow rate that is constant
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Fig. 2. Left: Fragmentation timescale as function of particle size. Right: Ratio of the fragmentation timescale and the system age for each of the
discs. Lines on the right follow the same key legend shown in the panel on the left. Lines are cut off at the upper end at the sizes at which the
critical disruption energy becomes too large and the bodies cannot be catastrophically disrupted except in collisions with larger bodies. In the
right-hand-side panel, the gray region shows where the fragmentation timescale is longer than system age.

with size. An alternative is to consider small, blowout-sized par-
ticles, which are assumed to dominate the discs’ fractional lumi-
nosities ( f ) with a mass-loss rate (Matrà et al. 2017) given by

Ṁ = −
Mblowout

tfrag(sblowout)
(18)

= −1.2 × 103 M⊕
Myr

( r
au

)3/2
(
∆r
au

)−1

f 2 L∗
L⊙

(
M∗
M⊙

)−1/2

. (19)

The expression follows from the same collisional model em-
ployed in this work (Wyatt et al. 2007). Matrà et al. (2017)
assume a size distribution slope q = 3.5, different from our
qs = 3.66, but this would change the mass-loss rate only by
about a percent (see their Eq. 19). For the blowout-sized par-
ticles, there is no dependence on the collision velocity (or on
the disc’s aspect ratio) because the critical projectile-target size
ratio is irrelevant – smaller particles are blown out by radiation
pressure and blowout-sized particles predominantly collide with
equal-sized particles.

Minimum initial disc masses estimated from fractional lumi-
nosities tend to be somewhat lower than the masses estimated
from millimetre dust masses, as shown in Fig. 3. Nevertheless,
the two estimates largely agree within an order of magnitude.
This is striking in view of the vast simplifications made to relate
the measured fractional luminosities with the number and the
location of blowout-sized grains and any contribution from sub-
blowout grains, and to estimate the mass flow rate at millimetre
sizes. The agreement between the two estimates is good even for
HD 197481 (AU Mic) and HD 61005, two low-luminosity stars
for which the minimum dust grain size may very likely not be
the blowout limit set by radiation pressure, and this points to the
need for caution when interpreting these agreements.

3.6. Initial disc mass and planetesimal size

Further constraints on the bodies hiding in the disc can be
achieved, albeit with some additional assumptions. In this sec-
tion we extrapolate the size distribution of larger bodies from the
observed dust masses assuming steady-state collisional cascades
(see Sect. 3.3) and we estimate the sizes at the upper end of the
cascades, that is, sizes of the planetesimals feeding the cascades.
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Fig. 3. Minimum initial mass in collisional cascade calculated using
millimetre dust mass compared to mass calculated using fractional lu-
minosity. Gray line indicates where the two are equal.

First, we note that the minimum initial disc mass from Eq.
(15) corresponds to the initial fragmentation timescale of the
largest bodies being equal to the system age (this follows sim-
ply from minimisation of the initial disc mass over the initial
fragmentation timescale; Pearce et al. 2025). Indeed, there are
strong arguments to assume that the planetesimals at the top of
a steady-state cascade, of radius spl, are those whose fragmen-
tation timescale equals the system age, and they represent the
lower limit on the size of primordial bodies in the disc (Wyatt &
Dent 2002). Primordial planetesimals in an observed disc can-
not be much smaller because smaller planetesimals fragment too
quickly and any initial disc mass would have been depleted by
the estimated age of the systems2. On the other hand, larger plan-

2 This can also be verified by expressing the initial disc mass required
to explain the current dust mass with largest planetesimals of some size,
s < spl, in terms of the initial disc mass required for s = spl, using
Eqs. (14), (17) and (13). Smaller planetesimals require larger initial
disc masses to explain dust detections. As first noted by Wyatt & Dent
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etesimals may exist in each disc, but in the steady-state model
their collisions are happening too infrequently to have produced
a lot of dust, and they still have their primordial distribution
(Löhne et al. 2008). Such larger bodies may contribute to the
cascade through non-disruptive, erosive collisions, and this pos-
sibility is explored in a companion paper by Chiang et al. (2026).

Second, we recall that the relevant fragmentation timescale
is that at the start of the cascade, that is, at time t = 0. As al-
ready noted above, the fragmentation timescale at the start is a
function of the initial disc mass. Additionally, the initial size dis-
tribution may differ from the one at steady-state (Löhne et al.
2008; Schlichting et al. 2013; Krivov et al. 2018; Krivov & Wy-
att 2021). Here, we follow Löhne et al. (2008) and Krivov &
Wyatt (2021) and assume that the size distribution of primordial
planetesimals was a power law characterised by qp and Kp. The
initial disc mass obtained from this analysis will therefore differ
from the one obtained in the previous section, where the under-
lying assumption of Eq. (14) is that the size distribution is fixed
to the steady-state distribution from the start.

We find the size of planetesimals feeding a cascade by requir-
ing that tfrag(spl) = tage and that the mass in these planetesimals,
M(spl), equals the current, steady-state mass in these bodies (see
also Sect. 4.3 of Pearce et al. 2025). For each disc, we calcu-
late the present-day, steady-state size distribution, as described
in Sect. 3.3. For an arbitrary planetesimal size, s, we can then
calculate the present-day mass in a unit log-bin of size using
Eq. (17). We assume that this mass has not changed significantly
since t = 0, and for a given qp we can calculate the primordial
size distribution normalisation constant Kp. Then, we can cal-
culate the fragmentation timescale of these particles at t = 0.
The calculation of this fragmentation timescale is analogous to
the calculation of the present-day fragmentation timescale pre-
sented in Sect. 3.4, except that here we assume Kc = Kp and
qc = qp in Eq. (13). We assume the other disc properties were
otherwise the same in the past, that is, the spatial distribution of
the planetesimals has remained unchanged over the stellar life-
time. Finally, we iteratively solve for the size, s = spl, for which
tfrag(s) = tage.

The resulting planetesimal sizes and the masses contained in
these planetesimals are shown in Fig. 4 for qp = 3 (circles) and
qp = 4 (squares). Overall, the planetesimal sizes range from a
few metres to ten kilometres, and the total masses of these plan-
etesimals are less than 200 M⊕. If we assumed the primordial
size distribution was the same as the present-day steady-state
size distribution, the inferred planetesimal sizes would be those
for which tfrag(s) = tage in the right-hand panel of Fig. 2, and
their values would fall between the two estimates shown in Fig.
4 (because 3 < qs, qg < 4).

From these spl and qp values for each disc, we were also able
to extrapolate the hypothetical primordial size distributions up
to 200 km, shown as the lines in Fig. 4. These large planetesimal
sizes are predicted by planetesimal formation models (Johansen
et al. 2015; Simon et al. 2016; Schäfer et al. 2017), but their
existence is not required to explain the observations (because
their tfrag(s) > tage; Krivov & Wyatt 2021).

In contrast, our assumed primordial size distributions re-
quire some planetesimals smaller than spl to be initially present.
The primordial power-law distributions are assumed to extend
down to at least the critical projectile size for spl, and the crit-
ical projectile sizes are about 2 to 20 times smaller than spl.

(2002), for s that is only moderately lower than spl (e.g. for s = spl/4 in
the idealised cascade with Q∗D = const and q = 3.5), the required initial
disc mass becomes infinite.
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Fig. 4. Planetesimal sizes feeding the cascades assuming primordial
power-law size distribution with slope qp = 3 (circles) and its extrap-
olation up to 200 km (thin lines), and likewise for qp = 4 (squares and
thick lines), plotted against the corresponding mass inside unit log bin
of size around the planetesimal size. For a size distribution with slope
qp = 4 there is equal mass in each log bin of size.

If such smaller sizes do not exist at t = 0, or their number is
smaller than implied by these power laws, the initial fragmen-
tation timescales would be longer and the planetesimals feeding
the cascade would need to be smaller than values of spl shown
in Fig. 4. For example, consider the extreme case of an initial
size distribution that is a Dirac delta function centred at the par-
ent planetesimal size. We can solve for this planetesimal size in
a manner similar to above, and this yields particle radii of only
10 cm – 10 m.

Putting this caveat aside, we explored the relationship be-
tween our inferred planetesimal sizes shown in Fig. 4 and stellar
masses and disc radii, the two quantities we have in our dataset,
which could influence the initial planetesimal mass function (e.g.
Gerbig & Li 2023). We did not find any correlations.

4. Constraints on stirrers

In this section, we present the constraints we set on the sizes and
surface densities of large bodies whose gravitational interactions
with planetesimals and dust could result in the observed disc
scale-heights. We assume that: (1) stirrers are embedded within
the disc; (2) stirrers fully formed early on, during the protoplan-
etary disc stage or quickly after; (3) planetesimals and dust have
been stirred starting from a negligibly low excitation level, for
the duration of the system’s lifetime; and (4) excitation of stir-
rers is at all times lower than that of planetesimals and dust. We
discuss these assumptions and alternative theories in Sects. 5.2.4
and 5.3.

If a disc starts with a very low excitation, the gravitational
interactions with embedded stirrer(s) initially occur in a shear-
dominated (or sub-Hill) regime where relative velocities are pri-
marily determined by Keplerian shear. This is up until particle
eccentricities increase sufficiently to drive higher relative veloc-
ities, and the disc enters the dispersion-dominated (or super-
Hill) regime. Debris discs are typically assumed to be in the
dispersion-dominated regime (e.g. Quillen et al. 2007; Pan &
Schlichting 2012; Matrà et al. 2019), and so we first present
results making the same assumption. We then verify that none
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of the discs in our sample are currently in the shear-dominated
regime if collisional damping is neglected, and finally we con-
sider the role of collisional damping.

4.1. Gravitational stirring in dispersion-dominated regime

To constrain properties of the stirrers in the dispersion-
dominated regime, we largely follow the approach of Matrà et al.
(2019). As in their work, we use the semi-analytic stirring rates
from Eqs. (4.1) and (4.2) from Ida & Makino (1993) to deter-
mine the time evolution of particle eccentricities and inclina-
tions. For details, see Appendix C. Given the system age and
present-day inclination dispersion, the product of stirrer mass,
Mstir, and surface mass density, Σstir, of stirrers can be expressed
as

MstirΣstir = 0.25G−1/2M3/2
∗ r−1/2t−1

agei4rms, (20)

where G is the gravitational constant and irms =
√
⟨i2⟩ =

√
2h is

the root mean square of the particle inclinations. This formula is
approximately valid in the case of a large number of small stir-
rers, as well as for a single stirrer with an effective surface den-
sity determined by the stirrer’s mass and the width of the zone
in which its stirring is effective (stirring width; Ida & Makino
1993), up to a factor of an order of unity, which depends on
whether the bodies are stirring themselves or whether they are
stirred by a larger body or bodies.

There needs to be at least one whole stirrer within the disc
and within its own stirring width, and so there is a minimum
(effective) surface density,

Σstir >
Mstir

2πr min(∆r,∆rstir)
, (21)

where ∆rstir ≈ 4rhHill
√

12 + 20/3(irms/hHill)2 is the stirring
width (Ida & Makino 1993) and

hHill =

(
Mstir

3M∗

)1/3

(22)

is the reduced Hill radius.
Furthermore, for a fixed size of the stirrer(s), there is a

maximum excitation that can be achieved, corresponding to
vrel ∼ vesc =

√
2GMstir/Rstir, the escape velocity of the stirrer(s)

(Safronov 1972; Goldreich et al. 2004; Schlichting 2014), where
Rstir is the stirrer radius. For higher relative velocities gravi-
tational focusing becomes inefficient. Particles are then more
likely to physically collide with the stirrer than they are to gravi-
tationally scatter. This yields a constraint on the minimum mass
of the largest bodies in the disc (e.g. Matrà et al. 2019; Marino
2021; Terrill et al. 2023), expressed as

Mstir > 2.5ρ−1/2
stir M3/2

∗ r−3/2i3rms. (23)

For the stirrers, we assumed ρstir = 2 g cm−3, noting that we find
stirrers’ sizes range from minor bodies to Neptune-sized plan-
ets, so their bulk density might be diverse in reality. We added
another constraint: the total mass of stirrers in the belt implied
by Σstir cannot be larger than the solid mass contained inside the
systems’ protoplanetary discs, MPPD. This gives

2πr∆rΣstir < MPPD. (24)

Here, we assume the spatial distribution of stirrers has not
evolved over the system’s lifetime and it is similar to the spa-
tial distribution of dust. We can estimate MPPD using the standard

dust-to-gas ratio of 0.01 and a total PPD mass of 0.1 of the stellar
mass (Williams & Cieza 2011). We used the solid mass because
the stirrers we found are mostly smaller than 20 M⊕, correspond-
ing to sub-Neptunes, which are expected to have less than a few
percent of their mass in their atmospheres.

Together, the four constraints in Eqs. (20), (21), (23), and
(24) yield finite ranges of Mstir and Σstir shown in the left panel of
Fig. 5. There is a wide dispersion in the mass of stirrers inferred,
from planetesimal-sized bodies for HD 197481 (but see Sect.
4.3) to several tens of Earth mass for HD 39060 and HD 161868.
Overall, these masses are realistic, such a wide range of large
bodies may indeed exist in different planetary systems, albeit this
raises the question of what planet formation processes create the
dispersion. Furthermore, we find that Eq. (23) should be used
with caution. For all discs except for HD 197481 we find that
the condition on the maximum disc mass from Eq. (24) is more
stringent than the lower limit on stirrers’ individual masses from
Eq. (23). This means that for almost all discs in the sample the
smallest possible stirrers from Eq. (23) need to be unrealistically
numerous, with their total mass larger than the mass available
in the solids in their nascent protoplanetary disc to stir the discs
within system age.

4.2. Gravitational stirring in shear-dominated regime

A similar semi-analytic model describes stirring in the shear-
dominated regime (Eq. 4.7 in Ida & Makino 1993), with a corre-
sponding constraint,

M−1/3
stir Σstir ≈ G−1/2M1/6

∗ t−1
ager−1/2ln

irms

i0
, (25)

where i0 is the initial inclination of particles. For details, see Ap-
pendix C. We assume that i0 = 10−4 and note that the depen-
dence of our results on it is only logarithmic. Reducing i0 by
several orders of magnitude only makes M−1/3

stir Σstir increase by a
factor of a few.

The minimum surface density given by Eq. (21) that applies
here is same as in the dispersion-limited regime. However, the
minimum mass of the stirrers is different. For the disc to be in
the shear-dominated regime, irms ≲ hHill. From Eq. (22) it follows
that

Mstir > 3M∗i3rms. (26)

This is equivalent to the requirement that the velocity dispersion
is not larger than the Hill velocity, whereas in the dispersion-
dominated regime the requirement is that it cannot be larger than
the escape velocity of the stirrers.

We find that there are no combinations of Σstir and Mstir for
which all three of the conditions given by Eqs. (21), (25), and
(26) are satisfied, for any of the discs in our sample. We illustrate
this by showing the constraints for the disc with the lowest aspect
ratio in Fig. 6. The red line shows the constraint from Eq. (25).
Along this line, either the mass of individual stirrers is too low
to be consistent with the shear-dominated regime at the given
excitation, or the surface density is too low for the stirring width
to contain one whole stirrer. We conclude that none of our discs
are in the shear-dominated regime.

We can also test if neglecting the brief shear-dominated
phase affects our results in the dispersion-dominated regime. We
can calculate tHill, the time it takes to stir irms to hHill. The con-
straint ΣM calculated in the previous section should change by a
factor ∼ (tage− tHill)−1(i4rms−h4

Hill)/(t
−1
agei4rms). We find that tHill/tage
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Fig. 5. Constraints on the surface density of stirrers as function of their mass, assuming stirring in dispersion-dominated regime. Left: No collisional
damping. The product of the surface density and the mass is constrained by the stirring timescale and given by Eq. (20). The lines indicate
the corresponding possible combinations of stirrers’ surface density and mass. The endpoints of lines are determined by the minimum and the
maximum surface density, and the minimum mass, given by Eqs. (21), (24) and (23), respectively. Right: Stirring is balanced by collisional
damping if damping is faster than fragmentation, in which case the constraints are obtained by equating the stirring rate with the damping rate
from Eq. (27). Damping is efficient in only two discs (HD 197481 and HD 32297), shown by the thick lines.
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Fig. 6. Constraints on surface density and mass of stirrers assuming
stirring in the dispersion-dominated regime compared to the shear-
dominated regime for HD 197481, ignoring collisional damping. The
gray line for the dispersion-dominated regime is determined by Eq.
(20) and the red line for the shear-dominated regime by Eq. (25). The
minimum surface density condition given by Eq. (21) applies to both
regimes. In the shear-dominated regime, the minimum mass is deter-
mined by the condition that the stirring is indeed in this regime, given by
Eq. (26). For this disc, when damping is neglected, the left endpoint for
the dispersion-dominated regime is determined by the minimum mass
from Eq. (23), but note the condition on the maximum surface density
from Eq. (24) is more stringent for most discs.

is less than a percent and irms/hHill at least a few, making this
factor very close to unity for all discs in our sample.

A caveat to these findings is that gravitational scattering at
low relative velocities is more complex than in the dispersion-
regime (see the discussion in Sect. 4.3 of Goldreich et al.
2004). The semi-analytic approach is less accurate in the shear-
dominated regime than in the dispersion-dominated regime,

when compared with numerical simulations (Ida & Makino
1992; Stewart & Ida 2000).

4.3. Collisional damping

Gravitational stirring might be balanced by collisional damping
(Brahic 1977; Hornung et al. 1985; Pan & Schlichting 2012), a
process in which the loss of kinetic energy in inelastic collisions
tends to reduce the velocity dispersion (and thus the eccentricity
and the inclination dispersion) of dust and/or planetesimals. The
damping rate for hard, indestructible targets of size st can be
estimated (Hornung et al. 1985; Jankovic et al. 2024) as

Rdamp =
πvrel

V

∫ smax

smin

n(sp)(st + sp)2
2s3

t s3
p

(s3
t + s3

p)2
dsp (27)

≈
πvrel

V
2Kts

3−qt
t , (28)

where Kt and qt are the normalisation and the exponent of the
size distribution near st. The approximation holds for power laws
with an exponent of q < 4, for which large bodies contain most
of the mass. The expression is equivalent to Eq. 12 from Pan &
Schlichting (2012).

To revise our constraints on ΣstirMstir of stirrers in the
dispersion-dominated regime, we can derive an equation anal-
ogous to Eq. (20) by equating the stirring rate to the collisional
damping rate (Pan & Schlichting 2012), for a dust size that con-
tributes most to the observed flux at millimetre wavelengths,
st = 1 mm. However, damping has to act within the collisional
lifetime of dust particles. Dust particles are part of the collisional
cascade, continually produced in collisions of larger particles
and continually destroyed in collisions with smaller ones. Damp-
ing is most efficient in collisions with equal-sized particles. If
particles collide with and get disrupted by smaller particles much
more frequently than they collide with equal-sized particles,
collisional lifetime is shorter than the damping timescale, and
damping is overall inefficient (Jankovic et al. 2024).

Therefore, to revise our constraints on ΣstirMstir of stirrers,
we require that tdamp < tfrag, where tdamp = 1/Rdamp. Assuming
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Kc = Kt and qc = qt = q, the ratio of the timescales is given by

tfrag

tdamp
= 2(q − 1)

2Q∗D
v2

rel

(q−1)/3

. (29)

In the strength regime relevant for the dust (q = qs = 3.66), the
damping timescale is shorter than the fragmentation timescale
if the critical projectile-to-target mass ratio 2Q∗D/v

2
rel ≳ 0.1. We

verify this by also numerically integrating Eqs. (27) and (12).
Only two of our discs fulfil this condition (HD 197481 and
HD 32297). For these two discs we replace the constraints on
ΣstirMstir from Eq. (20) with an analogous expression derived
from equating the stirring and the damping rate. We show the
results in the right-hand-side panel of Fig. 5, in which these two
discs are shown with thick lines.

In these calculations, we assumed that collisional damping
acts on the observable dust particles. The critical specific energy
for fragmentation, Q∗D, is a non-monotonic function of size (see
Fig. 1), and so it may occur that collisions among dust grains are
not damping, but that collisions among their parent bodies are.
For the discs in our sample, this is not the case. Assuming the
parent bodies are those bodies whose fragmentation timescale
is equal to the system age (i.e. for the planetesimals feeding
the cascades, whose properties we constrained in Sect. 3), we
numerically calculated their collisional damping timescales for
qp = 3 and qp = 4 and found them to be longer than the system
age for each disc.

Fragmenting collisions among the parent bodies may con-
tribute to their velocity evolution and thus influence the stirrer
properties constrained here. Models that consider the full veloc-
ity distribution, rather than only a characteristic collision veloc-
ity, show that fragmentation depends non-trivially on the orbital
element distributions of both targets and projectiles, potentially
affecting the velocity dispersion (Jankovic et al. 2024). However,
these models predict only slow evolution of the average particle
inclination, and further work is required to distil their results into
prescriptions suitable for constraining disc parameters in simple
models such as ours.

Dynamical friction also cannot damp parent bodies’ veloci-
ties. The inferred collision velocities are higher than the escape
velocity of bodies in the cascade for each of the discs. Therefore,
the rate of cooling by dynamical friction is equal to the rate of
collisional damping (Goldreich et al. 2004; Pan & Schlichting
2012), and the same conclusions apply as above.

We also checked how collisional damping changes our con-
clusions so far for the shear-dominated regime. We derive an
equation analogous to Eq. (25) by equating the stirring rate from
Ida & Makino (1993) with the collisional damping rate, and we
apply the new constraints on Σstir and Mstir for the two discs
in which collisional damping may be acting. We find that only
HD 32297 could be stirred in the shear-dominated regime (the
red line in Fig. 6 moves up into the allowed white region for
this disc). The possible masses of the stirrers range from ∼ 3 to
10 M⊕.

In summary, with a simple prescription for the efficiency of
collisional damping, we find that velocity damping from mu-
tual collisions of dust grains balances out gravitational stirring
in only two of the eleven discs in our sample (HD 197481 and
HD 32297). Taking this into account results in new constraints
on the properties of stirrers for these two discs, as shown in
the right-hand-side panel of Fig. 5. The total dispersion in the
masses of stirrers in the sample is reduced compared to the
damping-free calculations in Sect. 4.1, but still significant. The

stirring occurs in the dispersion-dominated regime for all of the
discs, except, possibly, for HD 32297.

5. Discussion

5.1. Debris disc inventories and masses

5.1.1. Planetesimals

Our collisional modelling shows that the debris discs in our sam-
ple contain primordial planetesimals with minimum sizes rang-
ing from ∼ 10 m to 10 km and minimum masses of ∼ 10−2 to
102 M⊕ (see Figs. 3 and 4). These bodies feed the presumed
steady-state collisional cascades producing the observed dust.
Six of our discs (HD 9672, HD 15115, HD 39060, HD 61005,
HD 131835, and HD 197481) were previously modelled by
Krivov & Wyatt (2021). Despite differences in the modelling and
adopted disc properties, our minimum disc masses agree well
with theirs for four systems. For HD 9672 and HD 197481 our
masses are about an order of magnitude smaller.

HD 197481 (AU Mic) seems to be an outlier in general. Its
very low planetesimal and stirrers’ mass appears to be driven by
its extremely low aspect ratio. It should be noted, however, that
the minimum disc mass we derive from fractional luminosity is
independent of the aspect ratio, and it is even smaller than the
one we derive from millimetre dust mass, and also consistent
with a previous estimate of collisional mass of ∼ 0.01 M⊕ from
Strubbe & Chiang (2006). A stochastic catastrophic disruption
event has previously been proposed (Chiang & Fung 2017) as
an explanation for time-variable features observed in this disc at
short wavelengths (Boccaletti et al. 2015). This offers an alter-
native explanation for this system’s unusual properties.

As in Krivov & Wyatt (2021), we find that the planetesimals
feeding the cascades have total masses smaller than ∼ 100 M⊕.
Extrapolating the primordial size distribution up to 200 km with
a relatively flat size distribution leads to unrealistically large disc
masses, over 1000 M⊕, an issue known as the ‘debris disc mass
problem’ (Krivov & Wyatt 2021).

Recently, Marshall et al. (2026a) found extrapolated disc
masses that are smaller than 1000 M⊕ for all 11 discs in our
sample. The difference from our work seems to come mainly
from the dust masses in their work being about 10 times smaller,
which can partly be explained by different assumptions about the
dust size distribution and composition.

5.1.2. Stirrers

Our results show that minimum-mass stirrers defined by Eq. (23)
would need to have a total mass larger than the solid mass of
their primordial protoplanetary disc for all but one disc. This
stands in contrast to findings of Zawadzki et al. (2026), who
find all but three of the discs could have been stirred by these
bodies with reasonable disc masses. The difference comes from
that in the definition of the stirring timescale. To calculate the
stirring timescale (but not for the rest of their calculations), Za-
wadzki et al. (2026) employed the model of Krivov & Booth
(2018) which only considers if a disc can be stirred sufficiently
for bodies to start disrupting, that is, up to a critical fragmen-
tation velocity of 30 m s−1. In this work, we consider if bodies
are stirred up to an average relative velocity implied by the ob-
served aspect ratios, which we find to be in the range of 40 m s−1

to 2600 m s−1.
The sizes of the stirrers we infer mostly range from the size

of Pluto to sub-Neptunes. This implies that most discs cannot be
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stirred to their observed aspect ratios by the 200 km-sized plan-
etesimals expected from planetesimal formation theory, although
stirring by those planetesimals would be strong enough to trig-
ger the collisional cascade (Krivov & Booth 2018). However,
the stirrers being large does not necessarily mean that the stir-
rers have been accreting material beyond the protoplanetary disc
phase, or that delayed stirring (Kenyon & Bromley 2002, 2004,
2008, 2010) has occurred. The stirrers could also have formed
early on, inside the protoplanetary disc, consistent with our as-
sumptions. Analyses of the structure of observed protoplanetary
discs suggest that sub-Neptunes already exist early on at the or-
bital distances of 10s of au, comparable to debris disc sizes, al-
beit from theoretical arguments it appears challenging to prevent
their inward migration and keep them at large orbital separations
(e.g. Lodato et al. 2019).

5.1.3. Connection between planetesimals and stirrers

In Fig. 7, we show the full inventories of the debris discs mod-
elled in this work. For the stirrers we convert the surface density
constraints into their total mass within each disc, Σstir2πr∆r. Re-
call that for the stirrers we constrain the product of their surface
density and their mass – stirrers’ total (and individual) masses
may lie anywhere along the lines shown in Fig. 7.

We find that stirrers do not necessarily contain most of the
mass within a disc – for some discs a part of the line (show-
ing possible stirrers’ total mass) in Fig. 7 falls below the cir-
cles/squares (showing possible planetesimals’ total mass). This
is analogous to how Zawadzki et al. (2026) find that some of their
stirring disc masses are less than the collisional disc masses in-
ferred by Krivov & Wyatt (2021). Similarly, Pearce et al. (2025)
find that the narrow belt of Fomalhaut may contain Pluto-sized
stirrers, but if so their total mass could only be only a small
fraction of the belt’s mass, or otherwise gravitational scattering
would make the belt radially broader than it is. Such combina-
tions of stirring and collisional constraints are fully valid: for
bodies to dominate stirring it is the product ΣstirMstir that needs
to be larger, rather than just the total surface density or total mass
(Ida & Makino 1993; Quillen et al. 2007; Krivov & Booth 2018).

Throughout this work, we assume that the planetesimals and
the stirrers are two distinct populations, with planetesimals feed-
ing the collisional cascades and stirrers providing dynamical ex-
citation. Figure 7 is consistent with this assumption, and indeed
the relatively small planetesimals cannot produce the observed
disc aspect ratios. However, a companion paper by Chiang et al.
(2026) shows that stirrers might in fact contribute to the colli-
sional cascade through erosive, non-disruptive collisions. Natu-
rally, for this to occur, the stirrers’ total mass needs to be higher
than that in the collisional cascade.

In our modelling, we did not assume that a particular distri-
bution extends from planetesimal sizes up to stirrers’ sizes. If we
go on to assume a posteriori that these bodies are connected by a
power law, we can extract the possible ranges for the slopes from
Fig. 7. We show these in Fig. 8 as a function of stellar mass. The
minimum values are determined by connecting our solutions for
planetesimal sizes for qp = 3 with the smallest possible stirrers;
the latter are mostly determined by setting an upper limit on the
total mass in stirrers to be less than the expected solid mass in
protoplanetary discs. The maximum values connect our qp = 4
solutions to the largest possible stirrers. The maximum values of
these inferred primordial slopes may exhibit a weak decreasing
trend towards more massive stars (with the exception of the no-
table outlier HD 197481, see the discussion in Sect. 5.1.1). This
might be partly explained by the dependence of our minimum
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straints on the stirrers show plausible combinations of their total mass
and their individual size, and not a size distribution. These constraints
account for collisional damping of mm-sized dust in discs in which it is
estimated to be efficient.
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Fig. 8. Primordial size distribution slope ranges for hypothetical power
laws connecting constraints on planetesimals and constraints on stirrers.
Upper limits are set by extrapolation of planetesimal sizes to sizes of
largest possible stirrers, and vice versa for lower limits.

surface density of stirrers on stellar mass through Eqs. (21) and
(22).

The connection between the planetesimals feeding the cas-
cades and any hypothetical larger bodies is influenced by sev-
eral planet formation processes. Planetesimal formation via the
streaming instabilities and subsequent gravitational collapse is
predicted to result in a fairly flat power-law distribution of plan-
etesimals, with an exponential cut-off at larger sizes (Johansen
et al. 2015; Simon et al. 2016; Schäfer et al. 2017). Subsequent
planetesimal-planetesimal collisions and accretion of pebbles
flattens the cut-off (Johansen et al. 2015). Since extrapolating
our collisional cascade planetesimals up to the sizes predicted
by these studies leads to the disc mass problem (see Sects. 3.6
and 5.1.1, and Krivov & Wyatt 2021), we refrain from making
more detailed comparisons to planet formation theory.
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5.2. Uncertainties

In this section, we discuss uncertainties within the paradigm we
adopted, in which planetesimals feed the steady-state production
of the observed dust, while a population of bodies embedded
within the discs gravitationally stirs the discs. Further below we
discuss alternatives to this paradigm.

5.2.1. Observational uncertainties

First and foremost, our results are likely affected by the selection
of targets for the ARKS programme, and may not be represen-
tative of all debris discs. ARKS discs are some of the brightest
and consequently also some of the youngest among the general
population (Marino et al. 2026a).

The uncertainties in the ARKS disc aspect ratio fits estimated
by the fitting methods are relatively low (Zawadzki et al. 2026).
However, fits with different methods or assuming different ver-
tical profile shapes often yield strikingly different aspect ratios.
The extreme example is HD 197481. Assuming Gaussian ver-
tical density distribution yields h = 0.023 and h = 0.026 with
non-parametric methods, which are close to previous estimates
(e.g. Daley et al. 2019). Assuming Lorentzian distribution yields
h = 0.0028 (the value adopted in this work; see Fig. 2 in Za-
wadzki et al. 2026). A factor of ten difference in h translates
to an order-of-magnitude difference in the collisional disc mass
and four orders of magnitude in ΣstirMstir of stirrers. Besides, Za-
wadzki et al. (2026) assume that the disc aspect ratio is fixed
throughout the disc, whereas at least in some discs it might vary
with radius (Matrà et al. 2019; Han et al. 2025).

For our collisional modelling, one key quantity is used im-
plicitly: the dust surface density. We estimated it using the dust
masses, radii, and widths from simple Gaussian modelling of
the ARKS observations from Marino et al. (2026a), Σdust =
Mdust/(2πr∆r). A much more detailed analysis of ARKS discs’
radial structures is presented by Han et al. (2026a), including
deprojected, deconvolved radial profiles of dust surface density.
Our more approximate estimates of dust surface densities agree
with the peak dust surface densities in their Fig. 3 remarkably
well, with only three exceptions: HD 32297, HD 61005, and
HD 131835. These are the discs with narrow peaks imposed on
radially extended discs. Even for these three discs, the peak sur-
face density from detailed modelling is less than a factor of 2 or 3
larger than in our modelling. Therefore, our modelling should be
accurate for the regions of peak density inside these discs. Radial
variations in the surface density and other quantities could be
used to uncover radial variations in properties of planetesimals
and stirrers, especially for radially wide discs (e.g. HD 14055).
However, we refrained from expanding our analysis in this direc-
tion because a key quantity – the aspect ratio – was constrained
assuming it to be radially constant and possibly only representa-
tive of the peak-density region.

Another large source of uncertainty is the system ages.
We assumed that the ages of the collisional cascades and the
timescale of stirring are equal to the stellar ages compiled from
literature by Matrà et al. (2025) and Marino et al. (2026a). Es-
timates of stellar ages can be affected by systematic errors (e.g.
Guzman et al. 2026). The values in literature vary for some discs,
for example, from 15 Myr (Rodigas et al. 2014) to 30 Myr (Kalas
2005) for HD 32297 (we assume 30 Myr). Additionally, the re-
lation of the stellar evolution ‘zero time’ to the disc evolution
‘zero time’ is highly uncertain. The zero time for pre-main se-
quence stellar evolution is also difficult to define: the transition
from a collapsing protostar to a visible pre-main sequence star is

a continuous, gradual process rather than a single, distinct event.
Halving the system age would halve the collisional disc mass in
planetesimals and double the constraint on stirrers, ΣstirMstir.

5.2.2. Material properties

Our collisional modelling relies on assumptions about the ma-
terial strength, determined by the material composition. If plan-
etesimals were icier, they would be weaker than assumed here
(Benz & Asphaug 1999; Wyatt & Dent 2002; Leinhardt & Stew-
art 2009). This would result in smaller critical projectile sizes
and shorter collisional timescales. This, in turn, would result in
larger planetesimal sizes and larger disc masses, possibly above
the expected protoplanetary solid masses. Additionally, colli-
sional damping of weaker bodies would be even less important.

Also determined by material composition is the dust opac-
ity, which is used to infer the dust mass from the observed
(sub)millimetre flux. We refer the reader to the discussion in
Krivov & Wyatt (2021), who find that plausible variations in
material composition would not drastically change inferred disc
masses.

5.2.3. Size distribution

Our collisional masses depend strongly on assumptions about
the size distribution. These enter the calculations through the
extrapolation of dust mass to larger sizes, and also through the
fragmentation timescale via the number of colliders.

The size distribution at millimetre sizes can be probed ob-
servationally through measurements of the spectral index at mil-
limetre wavelengths. Typically, studies find a wide range of val-
ues, with samples ranging from 4 to 15 discs: q = 3.36 − 3.50
(Ricci et al. 2012, 2015), q = 2.84 − 3.64 (MacGregor et al.
2016), q = 3.1 − 3.3 (Marshall et al. 2017), q = 3.2 − 3.7 (Nor-
folk et al. 2021). From a sample of 133 discs, Marshall et al.
(2026a) find the dust size distribution slope has a wide distribu-
tion with a peak around q = 3.5. For the discs in our sample they
mostly find slopes very close to q = 3.5, with the exception of
HD 197481, with q = 3.1. Therefore, the size distribution slope
at dust sizes has a large scatter in observed discs. From the the-
oretical standpoint, we expect q = 3.66 for basalt and constant
velocity dispersion (Benz & Asphaug 1999), as assumed in this
work, or a steeper slope if collisional damping is important and
velocity dispersion varies with size (Pan & Schlichting 2012).

The initial size distribution of planetesimals is much less
certain. Planetesimal formation simulations give some predic-
tions (e.g. Johansen et al. 2015; Simon et al. 2016; Schäfer et al.
2017; Gerbig & Li 2023), yet these are incongruent with our re-
sults – the disc mass problem discussed above. Additionally, the
above studies have mostly focused on planetesimal sizes from
gravitational collapse following streaming instabilities. Planetes-
imals may continue to evolve inside protoplanetary discs through
mergers and through pebble accretion, which can re-shape their
size distribution (e.g. Schlichting & Sari 2011; Schlichting et al.
2013; Johansen et al. 2015).

The inferred planetesimal sizes and corresponding disc
masses depend not only on the assumed primordial power-law
slope, but also on the size of the smallest primordial planetes-
imals. This is because the initial projectile-to-target size ratio
has a huge effect on the initial fragmentation timescale. With
an extreme assumption of a monodisperse (very narrow) initial
distribution we found planetesimal sizes of only 10 cm to 10 m.
Coincidentally, these are exactly the sizes we do not expect to
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form through coagulation in protoplanetary discs, because of the
well-known ‘metre barrier’ (Armitage 2010), and which might
not be produced in great numbers by streaming instabilities ei-
ther (Klahr & Schreiber 2020; Gerbig & Li 2023). On the one
hand, this can be interpreted as a sign that the initial size distri-
bution is not too narrow. On the other hand, our model does not
take into account how early fragmentation and cratering/erosion
might quickly produce smaller bodies, changing the size distri-
bution early on. Time-dependent numerical collisional models
are needed to explore this further.

5.2.4. Velocity evolution

In our collisional modelling, we assumed that the average col-
lision velocity of planetesimals is constant throughout the sys-
tem lifetime. This is contrary to our assumption that discs are
self-stirred during their lifetimes, implying that (Ida & Makino
1993)

vrel(t) = vrel(tage)
(

t
tage

)1/4

. (30)

The fragmentation rate of planetesimals would be much smaller
at early times, meaning that the planetesimals at the top of
the cascade should be smaller than what we found. However,
the correction factor can be roughly estimated by re-writing
our condition for largest planetesimals in the cascade (spl),
Rfrag(vrel(tage))tage = 1 as∫ tage

0
Rfrag(vrel(t))dt = 1, (31)

effectively averaging the fragmentation rate over the velocity his-
tory. Inserting Eq. (30) into Eq. (31), we find that the ‘corrected’
planetesimal size spl is only 10–35% smaller than inferred as-
suming constant collision velocity (for qp = 3−4). The corrected
masses in planetesimals vary by the same factor. We note that we
did not account for mass evolution over time because the mass of
these largest possible planetesimals in the cascade remains close
to their initial mass.

Furthermore, our assumed stirring rate is correct if the veloc-
ity dispersion of the stirrers is equal to that of the bodies being
stirred, or smaller. This is true if the velocity of the stirrers and
of the smaller bodies grows at the same rate, or the stirrers are
cooled by dynamical friction. However, if collisional damping
acting on the dust is efficient, it may reduce the excitation of the
dust below that of the stirrers (Pan & Schlichting 2012). Alter-
natively, there could be one or more stirrers with stochastically
larger eccentricities and/or inclinations; in such a case, secular
effects might also become important (Costa et al. 2024).

Lastly, we might question if our assumptions about stirring
and damping are self-consistent. Specifically, we assumed that
collisional damping is inefficient at high velocities. Considering
Eq. (30), it could be argued that if damping was efficient at some
prior point in time, the dust velocity growth should have halted
at a lower value. This apparent inconsistency is easily resolved
if one considers that planetesimals’ velocities would still have
been steadily increasing. Ultimately, the ‘early’ dust is replaced
by more recently produced dust with higher velocities.

5.3. Alternative stirring and damping mechanisms

Our assumption of stirrers embedded in discs, formed early on
and stirring the debris from an initially zero velocity dispersion,

yields reasonable results for the sizes and numbers of the stirrers.
This does not guarantee that this scenario is indeed occurring in
debris discs.

For example, many of the ARKS discs have a non-Gaussian
vertical density distribution (Zawadzki et al. 2026), which is
inconsistent with standard scattering theory where eccentricity
and inclinations are in equipartition in the dispersion-dominated
regime (Ida & Makino 1992). A companion ARKS paper shows
that such non-Gaussian profiles can arise when scattering oc-
curs in the dispersion-dominated regime when eccentricity and
inclinations are not in equipartition, and instead eccentricities of
either the debris or of the stirrer(s) are initially higher than the
inclinations due to some other process (Chiang et al. 2026).

Furthermore, the growth of the stirrers may have been pro-
longed or perhaps is even still ongoing (Kenyon & Bromley
2002, 2004, 2008, 2010). Chiang et al. (2026) estimate that
mergers are likely occurring among the stirrers in at least some
ARKS discs. In this scenario, the stirrers had less time to stir the
discs than assumed in our work, and the time period available for
the planetesimals to have collided is shorter. The stirrers ought
to be larger and/or more numerous than inferred in our work, and
the planetesimals ought to be smaller (Krivov & Wyatt 2021).

An alternative scenario is that discs are stirred by external
perturbers through secular perturbations. In this scenario, one
must distinguish between the question of perturbers stirring the
velocity dispersion up to the critical value required for the colli-
sional cascade to form, and the question of perturbers stirring the
vertical aspect ratios to their observed values. The former only
requires particle eccentricities to be stirred (e.g. Mustill & Wy-
att 2009; Pearce et al. 2022; Sefilian 2024), the latter requires
a planet on an orbit initially inclined relative to the disc (e.g.
Brady et al. 2023; Poblete et al. 2023; Sefilian et al. 2025). Stir-
ring could also be ‘mixed’, caused by both internal and external
big bodies (Muñoz-Gutiérrez et al. 2023; Marshall et al. 2026b),
in which case the constraints derived here for the big bodies are
upper limits. Vertical thicknesses of debris discs might also not
be a product of gravitational interactions with planetary system
bodies at all, and instead could be inherited from the protoplan-
etary disc phase (Walmswell et al. 2013), or induced by stellar
flybys early on (Ida et al. 2000; Kalas et al. 2000).

Another possibly important omission in our work is the
effect of gas, which is present in four discs in our sample:
HD 39060, HD 9672, HD 32297, and HD 131835. If this gas
is CO-dominated, second-generation gas, its density is too low
to affect millimetre-sized dust grains (Olofsson et al. 2022). If,
on the other hand, these discs contain massive remnants of pro-
toplanetary gas, that gas would affect the aspect ratios measured
at (sub)millimetre wavelengths (Youdin & Lithwick 2007; Olof-
sson et al. 2022; Marino et al. 2022).

6. Conclusions

We performed simple, semi-analytic collisional and dynamical
modelling of a sample of 11 discs from the ARKS survey, whose
vertical thicknesses are well constrained. Our findings are as fol-
lows:

1. The dust observed at millimetre wavelengths can be ex-
plained as products of steady-state collisional cascades with
planetesimals ranging from a few metres to ten kilometres in
size, with total masses contained in planetesimals of less than
200 M⊕. Larger planetesimals are not excluded by this mod-
elling, but their presence may increase the disc mass above
the expected mass budget of a planetary system.
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2. The discs’ vertical thicknesses can be explained by gravita-
tional stirring in the dispersion-dominated regime by embed-
ded large bodies, with collisional damping counter-balancing
the stirring in only two systems. Stirrers’ individual masses
are always larger than those of the planetesimals, but their
total mass need not be.

These results are consistent with expected masses of plane-
tary systems. However, this is not a proof that the assumed pro-
cesses indeed occur in debris discs. We see four ways to distin-
guish between different scenarios in the future. First, the popu-
lation statistics could be improved by increasing the number of
discs with well resolved vertical structure. We note, for example,
that the ARKS survey found evidence of aspect ratios increas-
ing with system age (Zawadzki et al. 2026), while the preceding
REASONS survey (Matrà et al. 2025) with lower resolution data
did not find any. Second, multiwavelength observations can con-
strain both the size distribution slope and the vertical structure
dependence on the dust grain size (Vizgan et al. 2022; Han et al.
2026b). Third, in wider discs, the aspect ratio might vary with
radius (Matrà et al. 2019; Han et al. 2025, Luppe et al., in prep.)
and this should be explored in a larger sample. Fourth, Zawadzki
et al. (2026) found that the majority of ARKS discs appear more
likely to have a Lorentzian vertical density distribution, and not
the Gaussian as is commonly assumed (including in this work).
Observationally, confirming this finding in more discs and with
higher quality data is a key to understand the processes shaping
vertical structure. As for theory, models should go beyond sim-
ple predictions of the average collision velocity and make pre-
dictions for the inclination distribution in debris discs (as in e.g.
Jankovic et al. 2024; Sefilian et al. 2025; Chiang et al. 2026).
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Appendix A: Data and symbol tables

Table A.1. Input data to our models (Marino et al. 2026a; Zawadzki et al. 2026), followed by results on the sizes and the masses in planetesimals
feeding the collisional cascades.

Name M∗ L∗ tage f r ∆r h Mdust vrel spl(qp = 3) Mpl(qp = 3)
[M⊙] [L⊙] [Myr] [×10−4] [au] [au] [M⊕] [km s−1] [km] [M⊕]

HD 10647 1.1 1.6 1700 2.6 104 65 0.053 0.03 0.6 3.9 9.7
HD 131835 1.7 8.9 16 23 77 65 0.022 0.45 0.3 0.6 23.3
HD 14055 2.2 29.0 300 0.89 169 162 0.054 0.05 0.6 0.02 0.2
HD 15115 1.4 3.7 45 4.7 81 14 0.022 0.07 0.3 1.0 5.6
HD 161868 2.1 24.0 300 0.65 121 134 0.19 0.03 2.6 1.7 5.5
HD 197481 (AU Mic) 0.6 0.1 23 3.9 34 13 0.0028 0.012 0.04 0.003 0.03
HD 32297 1.6 7.0 30 61 116 37 0.009 0.87 0.1 0.3 17.1
HD 39060 (β Pic) 1.7 8.7 23 25 104 97 0.112 0.12 1.5 0.4 4.6
HD 61005 0.9 0.6 45 25 72 36 0.015 0.15 0.2 0.4 4.3
HD 76582 1.6 9.9 1200 2 204 176 0.192 0.12 1.8 3.3 39.4
HD 9672 (49 Ceti) 2.0 15.0 45 7.2 135 158 0.046 0.21 0.6 0.02 0.9

Table A.2. Key parameters.

Symbol Parameter
M∗ Stellar mass
L∗ Stellar luminosity
tage Stellar age
f Disc fractional luminosity
r Disc central radius
∆r Disc radial width
h Disc aspect ratio
Mdust Dust mass√
⟨e2⟩ Root mean square of particle orbital eccentricities√
⟨i2⟩, irms Root mean square of particle orbital inclinations

vrel Collision velocity
s Particle size (radius)
Q∗D(s, vrel) Specific critical disruption energy
2Q∗D/v

2
rel Critical projectile-to-target mass ratio

n(s) Differential size distribution
M(s) Mass in unit log-bin of size around s
st Target size
sp Projectile size
sc Critical projectile size
sblowout Blowout size from radiation pressure
spl Size of planetesimals feeding cascades
qs Size distribution slope in the strength regime
qg Size distribution slope in the gravity regime
qc Size distribution slope around sc
qp Primordial size distribution slope
tfrag Fragmentation timescale
tdamp Collisional damping timescale
ρs Bulk density of particles in the cascade
ρstir Bulk density of stirrers
Mstir Mass of individual stirrer
Σstir Surface density of stirrers
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Appendix B: Additional figures

Figure B.1 shows the ratio of the fragmentation timescale and the
orbital period, as function of particle size. In all discs, for mm-
sized dust and larger particles, catastrophic disruption collisions
occur on average on the timescale of at least ∼ 100× the orbital
timescale.

Appendix C: Derivation of stirring constraints

To derive constraints on properties of stirrer(s), we followed Ma-
trà et al. (2019). We start from Eq. (4.1) from Ida & Makino
(1993), which describes time evolution of the mean-square of
particle eccentricities due to gravitational self-stirring, stirring
from a protoplanet embedded in the disc and dynamical friction
heating due to interaction with the protoplanet. As noted by Ida
& Makino (1993), an analogous equation describes evolution of
particle inclinations. Dynamical friction heating is at most as
strong as viscous stirring (Goldreich et al. 2004), and we ne-
glect it. We wish to consider the case of self-stirring, as well as
the stirring by a protoplanet, as well as the case of stirring by a
larger number of protoplanets or simply large bodies that are not
planetesimals themselves. As shown by Ida & Makino (1993),
these different scenarios can be considered in a unified manner.
Neglecting a factor two difference between the rates in different
scenarios, the stirring rate of the mean-square of inclinations is
simply given by

d⟨i2⟩
dt
=
⟨i2⟩
TVS
, (C.1)

where TVS is the viscous stirring timescale. From Ida &
Makino (1993), in the dispersion-dominated regime the viscous
timescale for the stirring of inclinations is given by their Eq.
(4.2), replacing the numerical factor given therein for eccentric-
ities with a factor Ci = 2 for inclinations,

TVS =
1
Ci

 Ω2
Kr3

GMstir

2
⟨i2⟩2

Σstir/Mstir × r2ΩK
. (C.2)
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Fig. B.1. Ratio of the fragmentation timescale shown in the left panel
of Fig. 2 and the orbital period (tK) as function of particle size for each
of the discs. Lines are cut off at the upper end at the sizes at which the
critical disruption energy becomes too large and the bodies cannot be
catastrophically disrupted except in collisions with larger bodies.

This expression holds both in the case of self-stirring and in the
case of a single large stirrer, only in the latter case the surface
density is an effective surface density (see Eq. (4.8) in Ida &
Makino 1993). In the stirring rate and in the constraint derived
below we do not make this distinction, and instead take it into
account as an additional constraint on the minimum surface den-
sity of stirrers, as in Eq. (21), following Matrà et al. (2019).

Inserting TVS from Eq. (C.2) into Eq. (C.1), we obtain

⟨i2⟩d⟨i2⟩ =
CiG2MstirΣstir

Ω3
Kr4

dt. (C.3)

Integrating from t = 0 to t = tage and from ⟨i2⟩(t = 0) = 0 to the
present-day value, assuming the spatial distribution and the sizes
of the stirrers do not evolve, we obtain

⟨i2⟩2

2
=

CiG2MstirΣstir

Ω3
Kr4

tage. (C.4)

Inserting ⟨i2⟩2 = i4rms, Ci and ΩK, and re-arranging, this equation
yields the constraint on MstirΣstir in Eq. (20).

The constraint on the stirrer(s) in the shear-dominated regime
is derived analogously. From Eq. (4.7) of Ida & Makino (1993),
neglecting a factor of 22/3 difference between the self-stirring
and stirring by a single large stirrer, the viscous timescale is
given by

TVS,shear =
1

C′i

 Ω2
Kr3

GMstir

2/3
1

Σstir/Mstir × r2ΩK
, (C.5)

where C′i = 3. Inserting this into Eq. (C.1), assuming irms(t =
0) = i0, following the same steps as above and dropping the
numerical pre-factor of an order of unity, we obtain Eq. (25).
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